Point contact spectroscopy of hopping transport: effects of a magnetic field 
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The conductance of a point contact between two hopping insulators is expected to be dominated 
by the individual localized states in its vicinity. Here we study the additional effects due to an 
external magnetic field. Combined with the measured conductance, the measured magnetoresistance 
provides detailed information on these states (e.g. their localization length, the energy difference 
and the hopping distance between them) . We also calculate the statistics of this magnetoresistance, 
which can be collected by changing the gate voltage in a single device. Since the conductance is 
dominated by the quantum interference of particular mesoscopic structures near the point contact, 
it is predicted to exhibit Aharonov-Bohm oscillations, which yield information on the geometry of 
these structures. These oscillations also depend on local spin accumulation and correlations, which 
can be modified by the external field. Finally, we also estimate the mesoscopic Hall voltage due to 
these structures. 

PACS numbers: 72.20.Ee, 73.40.Lq, 73.63.Rt 



I. INTRODUCTION 



Studies of current-voltage curves of tiny contacts be- 
tween two electrodes - point contact spectroscopy - are 
a powerful tool for the investigation of charge transport 
through various systems. It has provided numerous im- 
portant results for normal metals and superconductors X 
Recently, two of us^ have studied such point contacts 
between two hopping insulators (HI). When the diame- 
ter of the contact, D, is smaller than the typical hop- 
ping distance in the bulk, r^, it has been found that the 
resulting conductance is determined by individual hop- 
ping processes, and not by an average over such processes 
(as required for the bulk). Indeed, in this case the tun- 
nelling trajectory for a "critical hop" passes through the 
small contact region, see Fig. [TJ and, in general, it is not 
straight. As a result, a typical trajectory connecting the 
two sides of the point contact, which determines the con- 
ductance of the whole system, is longer than the typical 
hop in the bulk. 




FIG. 1: Tunnelling paths near the point contact. 



In this paper we show that the magnetoresistance of 
such a point contact provides further information about 
the properties of the individual localized states at its 
vicinity. The contact can also serve as a detector for the 
local spin polarization. We discuss several mesoscopic ef- 
fects revealed by the application of the magnetic field: (a) 
the shrinkage of the wave functions, (b) Aharonov-Bohm 
oscillations, (c) spin accumulation and correlations near 
the contact, and (d) the Hall effect. 

In addition to discussing such individual hops, we also 
discuss the statistics of these hops, when the experiment 
is repeated over many realizations of the sample or of 
the Fermi level within one sample. The statistical prop- 
erties of the resistance and of the magnetoresistance of 
point contacts are found to reflect the spatial and en- 
ergy distributions of the individual hopping states near 
the contact. The calculated distribution function of the 
magnetoresistances at small values follows a power law; 
at large values it decays as a stretched exponential. The 
Aharonov-Bohm oscillations associated with the contact 
allow the determination of the occupation numbers of the 
relevant states, as well as the strength of the impurity 
potential. Spin-dependent effects reveal spin correlations 
and the point contact can thus serve as a detector of the 
local spin accumulation or depletion. Finally, the meso- 
scopic Hall effect is sensitive to the correlation length in 
the bulk, since the percolation cluster shunts the effec- 
tive "Hall generator" located near the contact. Thus, the 
point contact spectroscopy is a powerful tool for quan- 
titative studies of the nature and of the parameters of 
individual localized states. 

There are two reasons for the large difference between 
the conductance of the bulk and the conductance through 
a point contact. First, as shown in Ref. [2, the total 
length of a typical "critical hop" between the sites located 
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near the contact in different half-planes (or half-spaces) 
is about twice larger than for hopping in the bulk. Cor- 
respondingly, the resistance associated with this "critical 
hop" is exponentially larger than that associated with a 
typical hop in the bulk. This leads to specific statisti- 
cal properties of the contact resistance and magnetore- 
sistance. The second reason is related to the different 
geometries of the percolation cluster in the bulk, when 
the point contact is present or absent. 

Let us start with the second effect. The necessity to 
go via the contact yields an additional constraint on the 
choice of the hopping sites, compared with the choice for 
the bulk conductor. To estimate the expected increase of 
the resistance, we consider first the bulk resistance, R — 
Roe^ (this is the definition of £). For the case of Mott 
hopping, this resistance is determined by the effective re- 
sistor network percolation cluster, for which £ exceeds its 
critical percolation threshold, £ c = (T /T) 1 ^ d+1 1 (> 1) 
in d dimensions (here, Tq cx l/[ga d ], where g is the den- 
sity of states at the Fermi energy, and a is the decay 
length of the localized states).— Taking £ within the in- 
terval 

£c < £ < £c + A£ , (l) 

the typical correlation length of the percolation cluster 
can be estimated by^ 

£ A? ~r h [Af/&]-" , (2) 

where ss a£ c /2 is the hopping length (which replaces 
the usual lattice constant for the percolation problem) 
and v is the percolation correlation length exponent 
(equal to 4/3 in two dimensions). For a bulk HI, Af ss 1 
and the correlation length is L ~ £c r ft- I n the present 
case, which pertains to two dimensions, the actual per- 
colating cluster can then be thought of as being built 
of a regular two dimensional structure, made of random 
blocks of size C. The final resistance R is then obtained 
by averaging the log of the resistance over these blocks. 

In the presence of the point contact, the percolating 
cluster must pass via the orifice, with a probability of 
the order of unity. A sufficient condition for this is 

r h <C^<D , (3) 

namely A£ > £ c (f7t/ 'D) l / V '. Otherwise, the orifice may 
be surrounded by a finite cluster, which is disconnected 
from the bulk. This increase in £ implies an increase in 
the total resistance, compared to that of the bulk HI. 
Thus, the resistance of the system may be larger than 
R G e^ 1+ ^ rh / D ^ 1/u y Given Eq. ([3]), this may be as large as 
i? e 2 ^ c , but the temperature dependence of the resistance 
is still dominated by that of £ c , which is similar to that 
of the bulk (although it is renormalizcd). 

In this paper we concentrate on the case 3> D. In 
that case, we argue that the total resistance is dominated 
by that of the individual hop near the orifice. As we 
show below, this situation generates a different temper- 
ature dependence of the resistance, which allows one to 
discriminate between the two situations experimentally. 



The outline of the paper is as follows: Section II dis- 
cusses the magnetoresistance, and shows how measure- 
ments of both the resistance and the magnetoresistance 
allow the extraction of detailed information on the indi- 
vidual localized states which dominate the hopping. This 
section also discusses the distribution of the magnetore- 
sistance. Section III discusses the Aharonov-Bohm oscil- 
lations, due to the quantum interference between close 
paths near the point contact. In Sec. IV we show that 
the amplitude of these oscillations depends on the site 
occupation and on the spin configuration of the relevant 
localized states, and argue that this dependence can be 
used to identify spin accumulation. Finally, Sec. V dis- 
cusses the mesoscopic Hall effect due to the individual 
configuration near the point contact. 

II. MAGNETORESISTANCE 

From now on we restrict the discussion to two- 
dimensional devices, and model the point contact by an 
orifice in the thin but infinitely strong barrier dividing 
the two-dimensional plane into the two semi-infinite half- 
planes, see Fig. [1] Similar arguments also work in three 
dimensions. The orifice diameter, D, is taken such that 
a <C D -C vT 1 ! 2 where n is the concentration of the 
hopping centers. We next concentrate on one critical 
hop, between two sites on the two sides of the orifice, 
with coordinates ri and Y2 (both measured from the bot- 
tom of the orifice). The assumption D <C "nT 1 / 2 ensures 
that there will be only one such site on each side of the 
orifice. A relatively weak magnetic field H, such that 
A = (ch/eH) 1 / 2 3> a, is applied normally to the plane. 

We assume that the thickness of the sample, t, satisfies 
the conditions 

a « t < C . (4) 

The inequality t <§; C ensures the two dimensional char- 
acter of hopping, and the inequality t 3> a allows using 
the three dimensional asymptotic behavior of the local- 
ized wave function. Our main results also hold for D > a. 

The wave function of a hydrogen-like isolated local- 
ized state in a magnetic field can be written as (see, 
e. g., Ret 13), 

A(,,,Q = ]£Zf4 + ]£Zf^ [Hxr^.r. (5) 

V ' ' a 24A 4 2hc L J V ' 

The wave function shrinkage, described by the factor 
e -r a/24A ^ originates from the centrifugal potential in- 
duced by the magnetic field. 

We next discuss the overlap integral, V12, between the 
wave functions centered at ri and at V2- As long as we 
do not consider interference between this hop and other 
hops, the last term in A(r, r,) only represents a phase 
factor, which does not affect the magnitude of the overlap 
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between the wave functions at sites 1 and 2. Ignoring 
these phase factors, one has 

Vu ~ V e-^ +r *V a e -<rl+4)/2ix^ Vq _ e 2 /Kaj (6) 

where k is the dielectric constant. The magnetoconduc- 
tance ratio G(H)/G(0) is then given by the expression 



G(H)/G(0) = e 



-a(r 3 +r 3 )/12A 4 



(7) 



At low helds, it is reasonable to assume that the same 
pair of centers, at distances r\ and r 2 , dominate both the 
zero field resistance and the low field magnetoresistance. 
Interestingly, measurements of both the resistance and 
the magnetoresistance can yield information on the indi- 
vidual hop near the orifice. For the given pair of sites, 
the zero-field conductance is given as 



da = Go cxp [-2(n + r 2 )/a - Ae/T] 



(8) 



where Ae is the activation energy. This conductance is 
definitely distinct from the bulk variable range hopping 
one, which is given by the Mott law, 



G = G e-«°, = (To/T) 1 /^ 1 ). 



(9) 



In fact, Eq. (|5|) exhibits an Arrhenius activation tem- 
perature dependence. Observing such a temperature de- 
pendence can indeed confirm that the conductance is 
dominated by the individual hop near the orifice, and 
not by the whole percolation cluster, as discussed at the 
end of the previous section. Measuring this temperature 
dependence can then yield estimates for both Ae and 
Goe~ 2(Vl+r2 )/ a . Measuring the conductance of a similar 
sample, without the orifice, would yield estimates for To 
and for Go- Assuming that Go is roughly the same in 
both cases (the difference in Go only adds a logarithmic 
correction to the exponent), one can end up with an es- 
timate of the combination A = (ri/a) + (r 2 /a). 

As stated in Ref. 0, the magnetoconductance of a sim- 
ilar bulk system has the form 



G{H) 
G(0) 



exp 



d/(d+l) 



(10) 



where t\ is a numerical factor. Since we know To from 
the conductance, and we know the ^-dependence of A, we 
can use this information for estimating (a/ A). Measuring 
Eq. ([7]) can thus yield estimates for the combination 
B = (ri/a) 3 + (r 2 /a) 3 . Combining these two equations, 
one finds Ri, 2 /a = A/2 ± y/B/(3A) - A 2 /12. 

It should be noted that the choice of the two sites which 
dominate the conductance may vary with temperature 3 
In fact, one may end up with different Arrhenius curves 
for different temperature ranges. The above method can 
thus yield details about the individual pairs of sites which 
dominate the hopping in each such range. In principle, 
this information can be used for building up the distri- 
bution of the hopping sites near the orifice in real space 
and in energy. 



Interestingly, the magnetoresistance allows one to find 
whether the transport is dominated by the states close 
to the contact. For bulk measurements, the conductance 
yields the hopping length and then log[G(-ff)/G(0)] oc 
r^. In contrast, when the conductance is dominated 
by the contact then is replaced by r\ 2 = f\ + r 2 . 
We next assume that for the most probable configu- 
ration one has r\ ~ r 2 ~ r = (jm)" 1 ' 2 , where n 
is an effective concentration of the hopping sites rele- 
vant for the conductance (In the cases of the Mott or 
the Efros-Shklovskii conductance, this concentration is 
temperature-dependent). With this assumption, one has 
log[G(/i)/G(0)] oc r\ + r| ~ 2f 3 ~ rJ 2 /4, namely about 
4 times smaller than it would be expected for the bulk 
magnetoresistance for the same hopping length. 

We next discuss the statistics of the magnetoresistance, 
when the measurements are done on many realizations of 
similarly prepared samples. For this purpose, we intro- 
duce the relative magnetoresistance, p = 1 — G(H) /G(0) . 
We also use the typical value for the exponent in Eq. ([7]), 
ri = r<2, = f = (7m) -1 / 2 . The characteristic magnetore- 
sistance is then 



p(H) = af 3 /6A 4 < 1 



(11) 



Here we have taken into account that A»r. Equation 
(UJ then implies that 



p = p(r 3 + r 3 )/2f 3 



(12) 



and the quantity p can be treated as a typical value for 
the magnetoresistance. We next recall our assumption 
of low concentration, D <C n -1 / 2 , which implies that 
there is only one relevant scatterer on each side of the 
orifice. At low fields, the same two centers will dominate 
both the zero field resistance and the magnetoresistance. 
Under this assumption, the two distances r\ and r 2 are 
independent of each other, and each of them is charac- 
terized by a Poisson distribution, Vif) — (2/r 2 ) e~( r / r ) . 
The distribution of the 1 — >• 2 magnetoresistance then 
becomes (see Appendix [Al for details) 

HP) - / V{n)drx J V(r 2 )dr 2 S[p-p(r u r 2 )]. (13) 

This distribution then obeys the scaling form V(p) — 
(l/p)F(p/p), where 

*w-H Wo* ' (14) 

see the plot in Fig. [2l This scaling function has the lim- 
iting behaviors J~(z) oc y/z at small z, and T{z) oc e~ z /3 
for large z. Thus at small enough n the magnetoresis- 
tance has only a power law dependence on , in contrast 
to the contact resistance itself. Needles to say, this limit 
represents very rare realizations. 

At very strong magnetic fields, where the exponent 
af 3 /6A 4 becomes comparable to £ c , the contact resis- 
tance can be lowered by including hopping between a 



4 




0,1 - 



0,0 1 

1 2 3 



FIG. 2: Graph of the function T(z), Eq. (114)1 . 

pair of sites with site energies outside of the hopping en- 
ergy band, since the concentration of the corresponding 
sites is larger and thus their typical spatial separation is 
smaller. This additional hopping reduces the magnetore- 
sistance. Such "switching" between the different pairs 
with an increasing magnetic field is expected to lead to 
giant mesoscopic fluctuations of the magnetoresistance, 
which arc similar to the fluctuations of the conductance 
as a function of temperature and applied bias, considered 
in Ref. 



III. AHARONOV-BOHM EFFECT 

The presence of a third localized state, at r3 near the 
point contact, yields a sample specific Aharonov-Bohm 
effect, i. e., oscillations of the magnetoconductance due 
to interference between different tunnelling paths. We 
next evaluate the interference between the "direct" tun- 
nelling trajectory, 1^2, which hits the orifice, and the 
"scattered" trajectory, that starts at the same initial cen- 
ter, 1, and reaches the final center, 2, after being scat- 
tered by the scatterer 3. A typical arrangement of the 
centers is shown in Fig. [3] The trajectories interfere on 
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FIG. 3: The triangle which determines the interference effects 
near the orifice. 

the left side of the orifice, and almost coincide in the op- 
posite half-space. The interference triangle for the case 
shown in Fig. [3] is 1 — 3 — O, the interfering paths being 



1 — > O and 1 — > 3 — > O. We next follow the perturba- 
tive approach used by Raikh and Wessels4 To leading 
order, the terms which involve site 3 contain denomina- 
tors like (£3 — £1) and (£3 — £2). The energy £3 is spread 
within a band with a width of order e 2 /na 3> A, where 
A is the width of the hopping band. Since the energies 
£1 and £2 belong to the hopping band, typically one has 
1^3 1 ^ l £ i.2|- Therefore, we approximate these denom- 
inators by £3. The contribution of the triangle to the 
conductance then becomes 

\Vi2 (1 + Je llp ) | 2 = |Vi 2 | 2 (l + J 2 + 2Jcosy;) 
{e 1 -e 2 ) 2 (ei-e 2 ) 2 

%=^/«,J^,, = 2 ,f. (15) 

^12^3 

Here is the distance between the sites i and j along 
the tunnelling trajectory, S is the area of the interference 
triangle 1 — 3 — O and $0 = 2nhc/e is the flux quantum. 

The typical area of the triangle, S, can be estimated 
from the following considerations, cf. Ref. 4. Consider 
the triangle 1— 3— O in Fig. [3] For a symmetric configura- 
tion, the difference between the lengths 1—3—0 and 1 — 
is 2h 2 /R where h is the height of the triangle while R is 
the distance between 1 and O. As in Ref. [4], we restrict 
ourselves to configurations where this difference does not 
exceed a, so that typically h ~ (Ra) 1 ^ 2 and S ~ f 3 / 2 a 1 / 2 . 
Otherwise, the ratio V 13 V 32 /V 12 ~ V e-^ 13+r3 °- rio ^ a 
becomes exponentially small, and the oscillations will not 
be visible. The probability for this restriction to hold is 
of the order of the ratio between S and the typical area 
per impurity, f 2 , i.e. yja/f. Since most experiments are 
done close to the metal-insulator transition, this proba- 
bility need not be very low. Once this restriction holds, 
then we may encounter large values of | J| in Eq. (fl"5j) . 
even for max(|Vi3|, | V32 j, \V\2\) « 1. The sign of J can 
be arbitrary, depending on whether the energy of state 3 
is above or below the Fermi energy. 

The characteristic field for the Aharonov-Bohm effect, 
H c = ^o/^ ~ $ /(r 3 / 2 a 1 / 2 ), is of the same order as the 
critical field for the positive magnetoresistance originat- 
ing from the shrinkage of the wave functions. Thus the 
Aharonov-Bohm oscillations decay strongly for H > H c . 
However, one can expect that an oscillation pattern will 
be observed in addition to the smooth increase of the 
resistance with the magnetic field, since the relative os- 
cillation amplitude, 2J/(1 + J 2 ) can be of the order of 
unity. 

For Coulomb scattering centers with Vb ~ e 2 / na > A, 
we can follow the estimates of Ref. \4 and conclude that 
the quantity J is of order 1 ("strong scattering"). In 
the opposite case of weak scattering, Vq ~ e 2 /nr, r be- 
ing a distance from the scattering center, the dependence 
of the matrix element on the hopping distance becomes 
important £ Since in this case J C 1, the amplitude of 
the Aharonov-Bohm oscillations is significantly less than 
that for the case of strong scattering. Correspondingly, 
the interference contribution decreases with the temper- 
ature due to the growth of the hopping length. 
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IV. NON-EQUILIBRIUM SPIN 
ACCUMULATION 



The Aharonov-Bohm effect in a point contact can 
be used to detect non-equilibrium spin accumulations in 
hopping systems. Following Ref. |(| we consider the sit- 
uation where site 2 is empty and site 1 is occupied. If 
site 3 is also occupied, the tunnelling processes can be 
considered as tunnelling of the hole from site 2 to site 1. 
The interference takes place only if the electron spins on 
sites 1 and 3 are parallel. Indeed, the final configurations 
for the paths 2 — > 1 and 2 — * 3 — > 1 are the same only 
for parallel 1-3 spins. Consequently, the overlap integral 
for this case is given by Eq. (fT5|) . Otherwise, the inter- 
ference contribution is absent. When both sites 2 and 
3 are empty (tunnelling of an electron from 1 to 2), the 
interference effect is also present. 

From Eq. (fT5|) we derive the modulation depth of the 
conductance oscillations as 



M 



? max ymin 



+m(i - n 3 )] (1 - n 2 ) 



2|J| 
1 + J 2 

\J\ 



[m T n 3T +nijfi3i 



1 + .P 



(4 Sl s 3 n 3 -n 3 + 2).(16) 



Here is the occupation number of spin a at site i, 
m = Uii + n ii i s t ne total occupation of the site i (which 
is limited to be or 1, due to strong on-site interactions), 
while Si = (n.jj — rijjJ/2 is its spin accumulation. In de- 
riving the last equality in Eq. (|16[) . we have assumed 
that n\ = l,ri2 = 0, corresponding to the case of low 
temperatures and to hopping from left to right. The first 
term in the brackets is sensitive to the site spins. Indeed, 
if there is no spin polarization, and if there are also no 
spin correlations, then on average (sis 3 ) = (si)(s 3 ) = 0. 
If there is a non-equilibrium source of spin accumulation 
or depletion, then the modulation depth will change, sig- 
naling the related local polarization. 

We next apply an external magnetic field, in equilib- 
rium. Writing the Zeeman energy as —g/i B Hs, where 
fi B = eh/(2mc) is the Bohr magneton and g is the 
(/-factor, we would have (s/) = | ta,nh(H/H p ), where 
Hp = 2kT/(n B g). If H is in the plane of the triangle, 
then cos tp = 1, and the magnetoresistance would become 



SG 
G 



J 



I + J 2 



n 3 tanh 2 (H / H p ) 



(17) 



When the field is perpendicular to the plane, then the 
magnetoresistance has both the Aharonov-Bohm oscilla- 
tions, at a typical scale H c , and the above contributions, 
which saturate for H ^> H p . The ratio of these scales is 
given by 



Hp 
H r 



kT 



Trg(h 2 /ma 2 ) \a 







.3/2 



(18) 



Since h 2 /ma 2 is of the order of the Bohr energy, say 200K, 
and since experiments would be typically done at a few 



degrees K, this ratio would become of order unity only 
when f/a ~ 30, but then it would be difficult to observe 
any conductance. Thus, usually H p <C H c , and the spins 
would be saturated in the amplitude of the Aharonov- 
Bohm oscillations. 

Since the field H p is well-defined, studies of the mag- 
netoresistance in relatively weak magnetic fields can help 
calibrating the device, i.e., finding J and n 3 . Indeed, if 
n 3 = 1, the system exhibits a positive magnetoresistance, 
which saturates at H > H p . Thus one should look for 
structures in which the positive magnetoresistance men- 
tioned above is observed (which means that n 3 = 1) and 
then obtain J from the saturated value of this magne- 
toresistance according to the formulae given above. Here 
we may profit from the fact that the saturation field de- 
pends only on well-defined values of T and g, and is thus 
easily specified. 

Note that the spins can be aligned by a magnetic field 
in any direction, while the Aharonov-Bohm effect is sen- 
sitive only to magnetic fields perpendicular to the plane 
of the tunnelling. Thus, even in the case when H p ~ H c 
one can separate spin effects by applying the magnetic 
field parallel to the tunnelling plane. The effect depends 
on the product sis 3 , and therefore it is independent of 
the sign of the spin polarization. This offers an alter- 
native way for the observation of the spin accumulation 
which is generated by an ac electric field, as predicted in 
Ref. 0. 



V. MESOSCOPIC HALL EFFECT 

In this paper we concentrate on the situation when 
the hopping through the point contact is dominated by 
the vicinity of this contact. In this case, the bias volt- 
age is completely concentrated on the "critical" pair of 
sites (1 and 2) near the orifice. As a result, we expect 
the Hall voltage also to be generated only by the single 
triangle of sites 1-3-0 (Fig. [3]), and not to be affected 
by any averaging procedure. This triangle then serves 
as an elemental "Hall generator" . In the presence of an 
external magnetic field, H, perpendicular to the sample, 
this triangle generates an additional contribution to the 
potential difference between the sites 1 and 3 when the 
charge transfer occurs between the sites 1 and O. Con- 
sequently, a Hall voltage, Vh, is generated between the 
(transverse) sample edges. 

One can present the triad 1-2-3 as the equivalent cir- 



cuit shown in the left panel of Fig. [5] Here Rik = G 
are the Miller-Abrahams^ resistors found from Eq. 
The magnetic field changes the hopping probabilities of 
the inter-site hopping. As shown in Ref. the changes of 
the potentials on the sites can be taken into account by 
introducing effective electromotive forces (EMFs), Eik, 
proportional to the current entering through the site 1 
and leaving through the site 2. 

These EMFs vanish when H = 0. When H ^ 0, 
they can be expressed through the changes of the hop- 
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FIG. 4: Equivalent circuit of a Hall generator. The resis- 
tances and electromotive forces are calculated from the Miller- 
Abrahams resistances between the sites and the additional 
voltage differences induced by the magnetic field. 



ping probabilities in a non-zero magnetic field^ and they 
turn out to be proportional to H. In order to estimate 
the voltage between the Hall leads it is convenient to 
transform the equivalent circuit to the "star" configura- 
tion shown in the right panel of Fig. [5] The quantity £h 
then represents the EMF of the Hall generator, while Rh 
is its internal resistance. The approximate expression for 
£h at \eA > T is£ 



= V v . 



H ■ S ^31^23(^12 + R23) 
$0 R\2{R\2 + R23 + R31) 2 
h 2ttTV q 



sign(yi 2 V23Vs 



;U e 2 i? (ei-£ 2 ) 2 

e -«i/T + e -e 2 /T 



R 



H 



e -ei/T + e -e 2 /T 
R31R23 
Rl2 + R23 + R31 



3 /T ' 



(l-n 3 )/3, 

Jr 12 -r 13 -r 2 3)/a 

(19) 



Note that the variation of the hopping probability by the 
magnetic field is determined by two-phonon processes,— 
and consequently -C 1. The typical internal resistance, 
Rh , of the elemental Hall generator is of the the order of 
the hopping resistor, Rh- 

Now let us estimate the voltage between the Hall leads, 
see Fig. [5] The generator is connected to the Hall leads 




FIG. 5: Illustration of the connection between the Hall gen- 
erator and the leads. 

by a branch of the percolation cluster. This chain is 
bypassed by the resistance between the Hall electrodes, 
which consists of WhI £ branches. Here Wjj is the width 
of the Hall electrodes while C is the correlation length of 



the percolation cluster. This ratio must be large, other- 
wise the Hall voltage would not be measurable because it 
would be subjected to very strong fluctuations. Thus the 
measured Hall voltage is smaller than the Hall voltage of 
a single triad, by the factor C/Wr <C 1, 



Vh 
V 



HS C 
$0 W H ' 



(20) 



One can expect that the mesoscopic Hall effect will ex- 
ceed the bulk contribution of the electrodes. Assuming 
that almost all the voltage V drops at the contact region 
and only its small part, r\V drops at the leads, and using 
the estimate for the bulk contribution to the Hall voltage 
from Ref. 0, we obtain the order-of-magnitude estimate 



V, 



H 



H 



V, 



(bulk) 



H 



rjWrh 



j] W 



(21) 



Here we have assumed that W « Wh, while Ch 3> C is 
the correlation length of the network of Hall generators in 
the bulk. 9 This ratio can be large due to the exponential 
smallness of 77; this factor can be independently estimated 
as the ratio of the resistance in the bulk and the contact 
resistance. 



VI. SUMMARY 

Let us finally summarize the procedure for extracting 
local parameters of the point contact and the adjacent 
states. Studying the Aharonov-Bohm oscillations, one 
can extract the occupation at site 3, 713, and the quan- 
tity J, Eq. (HHJ), from the amplitude of these oscillations. 
Similar information, as shown above, can be obtained 
from the weak-field positive magnetoresistance resulting 
from the spin alignment. Since the presence of these 
effects ensures that 77,3 = 1, one can also find the aver- 
age (sis 3 ), which signals the presence of non-equilibrium 
spin accumulation or depletion. Indeed, at equilibrium 
one has (S1S3) = 0, while a complete spin alignment gives 
( s iS3) = 1/4. In this way, the point contact can be "cal- 
ibrated" . 

To conclude, we have considered the influence of an ex- 
ternal magnetic field on the mesoscopic conductance of a 
point contact between two hopping insulators. We have 
shown that the applied magnetic field allows the identifi- 
cation and the measurement of spin effects. We discussed 
the mesoscopic Hall effect and showed that it provides 
important information about the hopping cluster correla- 
tion length. All of these effects provide information about 
hopping processes associated with a single hopping event, 
not distorted by an averaging procedure. Furthermore, 
the statistics of the hopping transport through a point 
contact can, in principle, provide information about the 
distribution of the hopping states near the contact. In 
gated structures such statistics can be studied by chang- 
ing the gate voltage in a single device. 
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APPENDIX A: DERIVATION OF THE 
DISTRIBUTION FUNCTION 
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Y[ Xi dx ie - x U ( Pi - px 3 ) (Al) 

A 1 O « 



i=l,2 • 



Since J x dxS (p — px 3 ) — (3p) 1 (p/p) 1 ^ 3 , we readily ob- 
tain Eq. (|1"4|), 
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